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Abstract 

In  this  paper  we  find  a  general  approach  to  find  closed  forms  of 
sums  of  products  of  arbitrary  sequences  satisfying  the  same  recurrence 
with  different  initial  conditions.  We  apply  successfully  our  technique  to 
sums  of  products  of  such  sequences  with  indices  in  (arbitrary)  arith¬ 
metic  progressions.  It  generalizes  many  results  from  literature.  We 
propose  also  an  extension  where  the  sequences  satisfy  different  recur¬ 
rences. 
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1  Introduction 

We  consider  a  generic  (nondegenerate,  that  is,  5  =  \J p2  —  Aq  /  0)  binary 
recurrence  satisfying 


Xn+i  —  pKn  qXn_i,n  £  TL  (1) 

with  some  initial  conditions.  Let  a,  (3  be  the  roots  of  the  equation  x2  —  px  + 
q  =  0,  and  so ,  a  +  (3  =  p,  a/3  =  q,  5  =  a  —  (3.  We  associate  the  companion 
Lucas  sequence  Ln  which  also  satisfies  (1)  together  with  Lq  =  2,  L\  =  p, 
and  so  Ln  =  an  +  (3n. 
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Let  { Un  ^}j=1  be  a  set  of  p  binary  sequences,  all  of  which  will  satisfy  the 
recurrence  (1)  with  some  initial  conditions,  such  that  the  Binet  formula  for 
these  sequences  is 


U®  =  AjoT  +  Bj(3n,  n  e  Z, 


where  A.j  = 


_  up-uWp 


'J  —  5  ’  —  5 

For  easy  notation,  we  will  denote  the  recurrence  {Xn}  given  by  (1)  by 

{Xn  (p.  q ,  a,  b )}  where  a  =  Xq  and  b  =  X\  are  initial  conditions  of  it. 

Several  authors  investigated  products  of  two  terms  of  a  sequence  or  prod¬ 
ucts  of  two  sequences,  and  also,  the  sums  of  these  products.  As  a  first  ex¬ 
ample,  note  that  the  sum  of  square  terms  of  Fibonacci  numbers  [7,  8,  12] 
is 


U^j)a-Ul 


U) 


YJF?  =  FnFn+ 1. 


The  sum  of  products  of  variable  subscripted  terms  of  certain  second  order 
recurrences  have  been  considered  by  several  authors.  For  example  (see  [11]) 


n 

FjFj+ 2  =  F'2n+lF2n+'2  1, 

i= 1 

n 

y  ]  FjFj+i  =  F2n+i  —  1, 
i= 1 
n 

^  F2i-iF2i+z  =  (3T|n+2  —  2F2n+1  +  7n  —  l)  /5. 


Certainly,  the  classical  Fibonacci,  Fn  and  Pell  numbers  Pn  are  Fn  = 
Xn  (1,  —1, 0, 1)  and  Pn  =  Xn  (2,  —1,  0, 1).  Generalizations  of  the  above  sums 
by  taking  different  recurrences  and  their  variable  subscripted  terms  have  also 
been  studied.  For  example,  in  [9],  the  author  found  Y^i=\  FtPi-  Melham  [10] 
looked  at  the  sum  of  the  squares  of  the  sequence  {Xn  (2, 1,  0, 1)}.  Recently, 
in  [2,  3,  4,  5,  6],  the  authors  gave  several  formulas  for  sums  of  squares  of 
even  and  odd  Fibonacci,  Lucas  and  Pell-Lucas  numbers,  and  their  sums  of 
products  of  even  and  odd  subscripted  terms.  Also  the  authors  of  [1]  estab¬ 
lished  several  formulas  for  sums  and  alternating  sums  of  products  of  certain 
subscripted  terms  of  recurrences  {Xn  ( p ,  q ,  0, 1)}  and  {Xn  ( p ,  q ,  2,p)}  . 

It  is  our  goal  in  this  paper  to  propose  a  general  approach  for  the  theory  of 
closed  forms  for  sums  of  products  of  nondegenerate  second-order  recurrent 
sequences,  thus  generalizing  many  of  these  kind  of  results  that  the  reader 
can  find  scattered  throughout  the  literature. 
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2  Main  Results 


Let  V(n)  be  the  power  set  of  {1,2,...,  n},  that  is  the  set  of  all  subsets  of 
{1,2,..., n}.  Given  a  sequence  of  p  functions  j  =  1  for  all 

M  £  V(p),  we  let  FM(i)  =  YeeM  /*(*)>  F9)(i)  =  and  for  simplicity,  F(i)  = 
F{i =  Ye=i  /H*)-  Let  us  define  a  set  of  twisted  product  sequences, 
indexed  by  the  sets  M  £  V (p) ,  in  the  following  way:  for  a  set  M  £  V (p) . 
we  let  W^M be  a  (M -twisted  product )  rational  sequence  satisfying  (1)  with 
the  Binet  formula 


3  n 

k<£M 


«,i+i  nBiiiAk 

\jeM  kgM 


Further,  we  use  M  =  {1,  2, . . .  ,p}  \  M ,  for  the  complement  of  the  set  M 

in  {1,  2, . . .  ,p}.  We  shall  first  show  that  whM ^  is  a  rational  sequence,  even 

more  precise  that  W^1'1  £  Z. 

<r 

Lemma  1.  For  any  integer  n,  the  twisted  product  sequences  satisfy 

W<M=qnwW).  (2) 


Proof.  Straightforward  using  the  Binet  formula.  | 

Theorem  1.  For  p,n  £  Z,  we  have 

£  1  Z 

y  n  ^2 P_1 

Proof.  We  will  prove  the  claim  by  induction.  First,  we  let  p  =  2,  and 
consider  two  sequences  Un  =  Aian+Bi/3n ,  Vn  =  A2an+B2f3n  (for  simplicity 
of  notations).  We  write  the  superscript  sets  as  {a, . . .}  instead  of  ({a, . . .}). 
The  associated  twisted  product  sequences  are 

W,p}  =  A1A2an  +  B^P11 , 

W, dl>  =  AxB2an  +  BxA2$n, 

=  A2Blan  +  AlB2pn, 

Wi  =  B^a11  +  A1A2f3n. 


Since  our  index  n  runs  through  the  entire  set  of  integers,  by  Lemma  1,  it 
will  be  sufficient  to  consider  only  the  case  of  wi1’2^,  and  ■ 
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First,  using  the  expressions  for  Ai,  A-2,  B\,  B2  in  terms  of  initial  condi¬ 
tions  of  Un.  Vn,  and  simplifying,  we  get 

<52(AiA2  +  BxB-j)  =  2UlV1  -  p(U0V 1  +  IhVo)  +  {p2  -  2q)U0V0  G  Z 
S2(A1A2a  +  BXB2$)  =  pUM  -  2q(U1V0  +  U0V{)  +pqU0V0  G  Z. 


Further, 

<S2(Ai52  +  5iA2)  =  p(C/iVb  +  ViUq)  -  2qU0V0  -  2UXVX  G  Z 
52(A1B2a  +  BiA2i8)  =  (p2  -  2c?)C/iVb  -  p(t/0F0g  +  C/1F1)  +  2U0Vig  G  Z. 

Now,  let  Un  G  Z  and,  from  the  induction  step,  assume  that  14,  G 
2p_i  Z.  As  before,  writing  ^Wq1’2^,  <52w/1,2^,  (52Wq  1  ,  in  terms  of 

U0,Ux,VihVX)  we  see  that  each  term  in  these  expressions  contains  only  one 
factor  based  on  either  Vo,  or  V\  G  *_i  Z,  and  therefore  w/1’2^,  H7/1^  G  ^rZ, 
i  =  0, 1.  Certainly,  since  the  initial  terms  of  the  twisted  product  sequences 
are  in  iZ,  so  is  WnM\  | 

We  show  now  our  general  approach  to  finding  sums  of  products  of  recur¬ 
rences. 


Theorem  2.  Given  a  set  of  p  functions  fj(i),  j  =  1, ...  ,p,  such  that  fj(i)  — 
fe(i)  is  a  function  of  j,£  only  and  it  does  not  depend  on  i,  we  have 


All' 

*=o  j= 1 


00  _  I 

fji  0  2 


m(0-^(0‘ 


MeV(p)  i=0 


Proof.  First,  we  associate  to  every  set  Af  G  V(p)  a  bit  string  e  of  length 
p  in  the  usual  manner  (a  1  bit  appears  in  the  bit  string  if  and  only  if  its 
corresponding  position  appears  in  M,  otherwise  the  bit  is  0).  For  e  G  Z^,  we 
let  wt(e)  to  be  the  Hamming  weight  of  the  bit  string  e,  that  is,  the  number  of 
l’s  in  its  expression,  and  supp(e)  =  {i\  <  i2  <  ...  <  iwt(e)}  to  be  the  support 
of  e  (the  positions  where  l’s  appear  in  e).  Certainly,  supp(e)  C  {1,  2, . . .  ,p}. 
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Next,  we  compute  the  product 


tlUM»  =  flM  +  B#1'1 


i=i 


i=i 


Ua7bj  ' 

—  'y  ^  I  |  |  A.jBfc(y^-‘i£supp(e'>  B (*)^X)fc03Mpp(e)  fk(i) 

eeZj  \j£supp(e)  kgsupp(e) 

\ 

_)_  |  |  yj^Zjesupp(e)  fy^kgsupp(e) 

j£supp(e)  k^supp(e) 


Y 


51 IjgM 


n  n 


M£P(p) 


yj&M  k£M 


+  n  n  AkBj/3^j£M 

j&M  k&M 

1 
2 


2  FM(i)-F(i)i 


MeV(p) 

from  which  our  theorem  follows  easily. 


Obviously,  if  the  sum  Jfi=  oQF^  FM^^2FM(i)-F{i)  can  be  simplified, 
then  the  previous  theorem  takes  quite  an  attractive  form.  The  rest  of  the 
paper  is  devoted  in  finding  various  functions  fj  for  which  such  a  sum  can 
be  computed.  Many  papers  are  investigating  sums  of  products  of  very  few 
recurrences  (mostly  two)  where  the  indices  are  very  specific  linear  functions. 
We  will  attack  this  case  in  its  full  generality  here  and  solve  it  completely, 
by  taking  fj  to  be  arbitrary  linear  functions. 

Let  Wn  be  our  generic  sequence  satisfying  (1)  such  that  Wn  =  Aan  + 
B/3n ,  and  recall  that  Ln  =  an  +  (3n  is  the  companion  Lucas  sequence. 


Lemma  2.  For  a,  b,  c,  d  E  Z,  we  have  the  generating  function 

a+^w  _  .a  qdxKn+2)WC+dn  -  xb{n+1)Wc+d{n+1)  -  xbqdWc_d  +  Wc 


YJXa+mWc+di  =  xa 

i= 0 


x2bqd  —  xbLd  +  1 
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Proof.  Using  Binet  formula  for  Wn,  we  obtain 

n  n  n 

5 ZxMWc+di  =  AacJ2(xbadY  +  BPCJ2(xbPdy 


i= 0 


i= 0 


i=0 


-  ^(xV)^-i+  (^r1-1 

xfead  -  1  X'6/3d  -  1 

74a,6(n+2)(SdQ,c+(i(n+1)  _  ^xft(n+i)ac+d(n+i)  _  Axbacf3d  +  Aac 

+Bxb(n+2)ad/3c+d(n+1)  -  Bxb(n+1)/3c+d(n+1)  -  Bxbf3cotd  +  B/3C 
x2b(a(3)d  —  xb(ad  +  /3d)  +  1 


qdxb(n+2)(Aac+dn  +  B/3c+dn)  -  xb(n+l)(Aac+d(n+l)  +  B£C+d(n+l)) 

—qdxb(Aac~d  +  B/3c~d)  +  (^4ac  +  B/3C) 
x26gd  —  xbLd  +  1 

^gft("+2)Wc+dn  -  xb^Wc+d{n+l)  ~  xbgdWc_d  +  Wc 
x2  bqd  —  xbLd  +  1 


Taking  Wn  =  un  =  Xn  (p,  q,  0, 1) ,  we  reach  at  the  following  result: 

n 

^4n+r+2  T  Ur— 2 


£(-l)V+4i  =  (-l)r 

i=0 


V2 


where  vn  =  Xn  (p.  q,  2  ,p) .  One  can  also  find  this  result  in  [1,  Lemma  5]. 
Let  fj(i)  =  a,j  +  bji  be  linear  functions.  Under  these  conditions, 

p  __ 

F(i )  -  FM(i)  =  +  bji)  -  ^  (aj  +  bji ) 

j= i  j&M 


ai  1  +  (  S  bi  1  ®  =  °(M)  +  6(M)*> 


where  we  use  the  notations  a (M'>  =  Yj^M  aj  anc^  =  Yj^M  bj-  We  shall 
also  use  a(A/)  =  YjeMaji  =  YjeAibj-  Further, 

2 FM{i )  -  F(i)  =  ^  (aj  +  bji)  -  ^  (aj  +  bji) 

j&M  j£M 

=  ,  aW-a^U 
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Applying  Lemma  2  with  x  :=  q,  a  :=  a^M\b  :=  b^M\  c  :=  — 

cS-M\  d  :=  f/hr>  —  lfM) 5  and  using  Theorem  2  we  obtain  our  next  result. 


Theorem  3.  Given  a  set  of  linear  functions  fj{i )  =  aj  +  bji,  and  binary 
sequences  satisfying  (1)  with  some  initial  conditions,  we  have 


'k 
n  p 


eikl  =  e 


q 


A(M) 


M£V(p) 


i= 0  j= 1 

where  A(M) 

■AM) 

a(M)_a(M)  +  (n+1)(fe(M)_b(M)) 


nb(M)  nb(M)  t  _  ,  I  ' 

q  —  q  Lb(M)-b(M)  + 1 


q  ^a(M)_a(M)+n(b(M)_6(M)} 

MM)(n+l)^W  _  a&(M)^AM)  _i_ 

y  rt  „<M  1  „(M1  I  I  i h(M)\  y  -Oi/fi  .  -owl  L(MI  umi  w 


0(M)  +a(M)  _6(M)  _fe(M) 


IT 


(M) 


a(M)_a(M)‘ 


3  A  Particular  Case 

To  understand  our  general  result  better,  we  shall  consider  now  a  particular 
case  of  two  binary  recurrences,  which  is  the  case  most  often  encountered  in 
literature.  Let  Un,Vn  be  two  binary  recurrent  sequences  satisfying  (1)  with 
some  initial  conditions.  The  Binet  formula  indicates  that 

Un  =  A\an  +  B\/3n, 

Vn  =  A2an  +  B2pn, 


wUPrP  A,  —  UoP-Ui  D  _  Ui-Upa  A  —  VqP-Vi  d  _  Vi -Vo a 
wnere  —  /3_a  ,  £>i  —  j3_a  ,  a2  —  3  a  ,  o2  —  ^_Q  . 

As  before,  we  take  the  twisted  products  wi1’2^,  W^,  satisfying  (1), 
with  initial  conditions  Wq1,2^  =  A\A2  +  B\B2,w\1'2^  =  A\A2a  +  B\B2f3, 
Wq1}  =  A1B2  +  B1A2,w}1}  =  AiB2a  +  B\A2(3,  so  that  W&1,2}  =  AiA2an  + 
B\B2/3n,  and  Wn 1  ^  =  A\B2an  +  BiA2f3n.  From  Theorem  1  we  know  that 
Wn1\w„1'2^  €  We  next  consider  the  example  fi(i)  =  r  +  ki,  f2(i)  = 
s  +  hi. 


Theorem  4.  Let  k,  r,  s  be  fixed  integers.  We  have 


n 

^  '  Ur+ki^s+ki 
4=0 


k(n+l)  __  i 

qswj:l}  q - - 


+  - 


qk  —  1 

2fcp^{b2}  _  _  „2fcpjy{L2}  .  jyfb2} 

7  VVr+s+2kn  vv  r+s+2k{n+l)  q  VV  r+s-2k  +  vv  r+s 
^2  k 


q2k  -  L2k  +  l 
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Proof.  First, 


Ur+kiVa+ki  =  (Aiar+ki  +  Bif3r+ki)(A2as+ki  +  B2/3s+ki) 
=  (Al242ar+s+2fci  +  BiB2/3r+s+2ki) 

+(y4iJB2ar+fci/3s+fci  +  A2Bias+ki/3r+ki ) 

=  ir‘i2t2li  +  «'+W(-4iB2a'-'  +  A2B1/5’'-*) 


=  w; 


r-\-s-\-2ki 


+  gs+fcWr{l}s. 


In  the  notations  of  Theorem  3,  the  previous  product  will  be 


\  (qm+h^W®+ 


d1!  1  0/l(*)p(/f2J' 


+wl1;2L  f  n)  =  itJ1;2/  +  q^wj1}. 

hw+hw)  hw  /id 


»)— /a(»)  * 


Using  (3),  we  separate  the  sum  ^”=0  Ur+fcjUs+fci  into  two  sums.  First, 

n  n  k(n-\- 1)  i 

..s+fcwl1}  _  _  „STiAi-}9 _ Zli:  f/i 


E  ?S+T-1  =  =  <w- 


S  h  1  1 

gft  —  1 


(we  could  have  also  used  Lemma  2  with  x  :=  q,  a  =  s,b  =  k  and  c  =  r— s,  d  = 
0).  Next,  using  Lemma  2  with  x  :=  g,  a  =  b  =  0  and  c  =  r  +  s,  d  =  2k,  we 
get 

™  q£Wt+en  -  Wi+*(n+i)  -  qeWt.e  +  Wt 

5  ”'■+«  - - 7^+i - ' 


and  the  second  sum  becomes 

n  02fcw"t1,2}  _  u^1’2!  _  a2fcT*Tb2}  i  wlb2} 

E  {1,2}  _  q  VVr+s+2kn  yy  r+s+2k{n+ 1)  q  VV r+s-2k  +  vy  r+s 

r+s+2ki  ~  2k  _  L  +  1  • 

i= 0  1  ZK 


which  finishes  the  proof  of  our  theorem.  | 

If  we  take  un  =  Xn  (p,  q,  0, 1)  and  vn  =  Xn  (p,  q,  2,  p)  ( p  /  0,  \J p2  -  4 q  / 
0),  then  by  required  arrangements,  we  obtain  for  k  =  2 


^  "  U>r-{-2i'Us+2i 


^4n+r+s+2  Vr+s—2  P  (jl  ~\~  1)  q  Us—r 

p  (p2  —  4 g) 


which  is  the  main  result  of  [1,  Theorem  1], 


4  Further  Extension 

Presumably,  one  can  take  the  same  approach  as  we  have  done  it  previously, 
for  sequences  determined  by  different  recurrence  relations,  but  the  compu¬ 
tation  becomes  more  difficult.  However,  there  are  instances  when  one  can 
get  similar  results.  Let  X n'1  (j  =  1,2 be  arbitrary  sequences  satis¬ 
fying  some  second-order  recurrences  (with  integer  coefficients)  with  Binet 
formulas  Xn'1  =  Aja "  +  Sj/3”,  where  Xq\x[^  G  Z  and  atj  +  G  N. 

As  before,  we  define  the  p-twisted  product  sequences 


wsi . = ( n m? )  ( n  m?)+( n ( n  w*  • 

\j£M  J  \k<£M  J  \j£M  J  \k£M  J 

Let  the  associated  Lucas  sequences  be  defined  by  Lni,n2,...,n p  =  a'^a'd,2  ■  ■  ■  otpp-\- 

Certainly,  the  next  theorem  can  be  extended  to  any  sum  of  products  of 
p  sequences,  indexed  by  linear  functions,  using  the  above  twisted  products, 
but  it  is  obviously  more  difficult  to  formalize  the  result.  We  shall  give  an 
instance  of  such  a  result,  however  we  do  not  include  the  proof,  since  it  goes 
along  the  lines  of  the  proof  of  Theorem  4.  Let  a\  +  /31  =  p,  aif51  =  q,  and 
0-2  +  P2  =  ri  ct2/?2  =  where  p,  q,r,s  G  Z,  and  p2  —  Aq  /  0,  r2  —  4s  /  0. 

Theorem  5.  If  f,g  :  N  N,  then 


n 


E* 


(i) 

fU) 


E 

3= 1 


W 


{1,2} 


+  W 


IB 


Further,  if  a,  b,c,d  G  N,  then 

TL2} 


W1)  W2)  - 

/  /  ^aj+b^cj+d 
3= 1 


qascW 


an-\-b,cn-\-d 


1scW I1,2}  —  +  W^1,2^ 

6  VVb-a4~c  VV a{n+l)+b,c(n+\)+d  ^  VV b,d 


qas' 


~  Lar  +  1 


Besides  the  usefulness  of  the  defined  twisted  products  (based  on  the 
same  recurrence)  in  the  computation  of  sums  of  products,  one  could  also  ask, 
independently,  about  the  arithmetic,  or  primitive  primes  in  the  factorization 
of  these  products  (multiplied  by  an  appropriate  power  of  the  discriminant 
5,  cf.  Theorem  1),  but  we  shall  investigate  that  elsewhere. 
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